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5.1INTRODUCTION

* The central starting point of Fourier analysis is Fourier series. They
are infinite series designed to represent general periodic functions in
terms of simple ones, namely, cosines and sines.

* This trigonometric system is orthogonal, allowing the computation of
the coefficients of the Fourier series by use of the well-known Euler
formulas, as shown. Fourier series are very important to the engineer
and physicist because they allow the solution of linear differential
equations and partial differential.

e Fourier series are, in a certain sense, more universal than the familiar
Taylor series in calculus because many discontinuous periodic
functions that come up in applications can be developed in Fourier
series but do not have Taylor series expansions.



* The Fourier Transform is a tool that breaks a waveform (a function or
signal) into an alternate representation, characterized by sine and
cosines. The Fourier Transform shows that any waveform can be re-
written as the sum of sinusoidal functions.

* The Fourier transform is a mathematical function that decomposes a
waveform, which is a function of time, into the frequencies that make
it up. The result produced by the Fourier transform is a complex
valued function of frequency.

* The absolute value of the Fourier transform represents the frequency
value present in the original function and its complex argument
represents the phase offset of the basic sinusoidal in that frequency.



* The Fourier transform is also called a generalization of the Fourier
series. This term can also be applied to both the frequency domain
representation and the mathematical function used.

* The Fourier transform helps in extending the Fourier series to non-
periodic functions, which allows viewing any function as a sum of
simple sinusoids.



5.2 OBJECTIVES

 After studying this chapter we will learn about how Fourier
transforms is useful many physical applications, such as partial
differential equations and heat transfer equations.

* With the use of different properties of Fourier transform along with
Fourier sine transform and Fourier cosine transform, one can solve
many important problems of physics with very simple way.

* Thus we will learn from this unit to use the Fourier transform for
solving many physical application related partial differential
equations.



5.3 FOURIER SERIES

* A function f (x) is called a periodic function if f ( x) is defined for all real x, except

possibly at some points, and if there is some positive number p, called a period of
f (x) such that

fx+p)=f(x) forall x

* Familiar periodic functions are the cosine, sing, tangent and cotangent. Examples

of functions that are not periodic are x, x4, x3, e*, cos hx etc. to mention just a

few.
If f(x) has a period of p then it has also a period of 2p

fix+2p)=fllx+p)+pt=fx+p)=f(x)

Or in general we can write
flx+np) = f(x)



* A Fourier series is defined as an expansion of a real function or
representation of a real function in a series of sines and cosines such
as

Ao :
f(x) = ?+ z a,, Cosnx + z b,, sin nx
n=1 n=1

Where ay, a,, and b,, are constants, called the Fourier coefficients of
the series. We see that each term has the period of 2w Hence if the
coefficients are such that the series converges, its sum will be a function
of period 2.



* The Fourier coefficients of f(x), given by the Euler formulas

1 T
Ay = Ej_ﬂf(x)dx

1 (™

a”:EJ f(x)cosnxdx n=1273, ...
1" |

b, =—] f(x)sinnxdx n=1273,..
TJ)_

The above Fourier series is given for period 2. The transition from period
21 to be period p = 2L is effected by a suitable change of scale, as follows.
Let f (x) have period = 2L . Then we can introduce a new variable v such
that,f (x) as a function of v, has period 2.



* If we set

This means v = +m corresponds to x = *L. This represent f, as function of v has a period of 2. Hence the
Fourier series is

(0 0] (0 0)
a
f(v) = 70 + z a, cosnv + z b, sinnv
n=1 n=1

e Now using v = %x Fourier series for the period of (-L, L) is given by
()= 2+ E T+ E b, sinn—
xX) = — a, COSN—Xx sinn—x
f 2 — n L — n L

This is Fourier series we obtain for a function of f(x) period 2L the Fourier series.
The coefficient is given by

a =7, f(t)dt
f f(x) cos@dx

b, = % f_LLf(x) sin% dx,



5.4 SOME IMPORTANT RESULTS

eax

a?+b?
eax

e % sinbx dx = (a sinbx — bcos bx

e % cos bx dx = (a cos bx + bsin bx

a?+b?

co Sin ax T

[ dx = =

0 X 2

(0'0) P/ TC

(T e™X" dx = v

0 2

co sin mx T _ .

r_oo(x rraz AX =3 € @M sinbm, [m > 0]



5.5 FOURIER INTEGRAL

* Fourier series are powerful tools for problems involving functions that
are periodic or are of interest on a finite interval only.

* Since, of course, many problems involve functions that are
nonperiodic and are of interest on the whole x-axis, we ask what can
be done to extend the method of Fourier series to such functions.
This idea will lead to “Fourier integrals.”



5.6 FOURIER INTEGRAL THEOREM

Fourier integral theorem states that f(x) = %fooo ffooo f(t) cosu(t — x)dt du

Proof. We know that Fourier series of a function f (x) in ( -c, c) is given by
nmx

f(x) = +Zn 1ancos— + Yn—q bn sin—
Where a, , a,, and b are given by

ag==J°, f@ydt,
an—%f f(t)cosn—dt
b —1 r_Ccf(t)smn—ntdt
"), c

Substituting the values of ay , an and b, in above equation, we(get

f(x)— jf(t)dt+z ff(t)cosn—ntdtcos@+2 Jf(t)sm

nrmt nimix

——dt, sin——
C



f(x) = jf(t)dt+z ff(t) :cosnTﬂtcosg +sinn7ntsin$ d
£(x) = f f(t)dt+zlc f_ccf(t) [cos ("T”t— ?)‘ dt

FO0) = o J F(Ddt + Z— J T [cos"—"(t ~x)| dt

Flx) = f £ {‘1+zz cos—(t—x)}dt

Since cosine functions are even functions i.e. cos( 0) = cos 0 the expression

{1 + 2 2 CoS —(t — x)} 2 COS nTn(t —X)

n=—oo

t



We now let the parameter ¢ approach infinity, transforming the finite interval [-c, c] into the
infinite interval (-oo to +o0). We set

— =w,and — = dw with ¢ - o«

Then we have

f(x) = %J_Oof(t) {j_oodu) oS a)(t—x)}dt

On simplifying

1 0.0) (00]
f(x) = Ejo f_ f(t)cos w(t —x)dw dt Proved



5.7. FOURIER SINE AND COSINE INTEGRALS

f(x) = % fooo sin wx du fooo f(t) sin wt dt (Fourier Sine Integrals)
f(x) = % fooo cos wx du fooo f(t) cos wt dt (Fourier Cosine Integrals)

Proof: We can write
cos w(t — x) = cos(wt — wx) = cos wt cos wx + sin wt sin wx

Using this expansion in Fourier mtegral theorem we have

f(x) =— f j cosw(t —x)dw dt

=> f(x) = j j f (t)(cos wt cos wx + sin wt sin wx)dw dt

= f(x) = f f f(t)(cos wt cos wx dw dt + — J j f(t) sin wt sin wx dw dt



Now to solve the above equation, we have two different cases, using the following conditions

a
f f(x)dx =0  for odd function
—-a

And . .
f f()dx =2 f f(x)dx  for even function
_a 0

Case I: when f{(t) is even function: this means

= f(t)sinwt isodd function and
f(t) coswt iseven function

Hence .
E_f f f(t)sinwtsinwx dwdt =0
0 —00
And

(o]

1 (0] (0] 2 [00]
= f(x) = Ef f f(t)(cos wt coswx dw dt = Ef COS WX doof f(t)cos wt dt
0 —00 0 —

[0¢]

2 (0/0)
fx) = gfo coswxdufo f(t) cos wt dt

This is known as Fourier cosine integral.



Case ll: If f(t)is odd function: this means

= f(t) sinwt is even function and
f(t)coswt isodd function

Hence | poo oo
Ef J f(t)coswtcoswx dwdt =0
0 — 00
And
j j f(t)sin wt sin wx dw dt = gJ Sin wx dwf f(t)sinwt dt
o0 0% —®™
2
f(x) = —] Sma)xduj f(t) sinwt dt
T Jo 0

This is known as Fourier sine integral.



5.8. FOURIER'S COMPLEX INTEGRALS

We know from Fourier integral theorem

[(x) = %f_o:o ./::, f(t)cos cwo(t — x) dw dt

Now adding

(o)

f(x) = éf_z f(t)dtf sin w(t — x)dw = O

— OO

Since

foo sin w(t — x)dw = O because of odd function
Hence
reo = [ [ rwecoswc —xawac+o— [ rac [ simwc —x do
S (xx) = %f_o:of(t) dt [f_o:o cos w(t — x) +isin w(t — x) ] dco

FOD == f7 F ac[f7, e ] deo

‘ f(x) = %f_o:oe_iwx dcw LZf(t) etvtdt ‘

This relation is known as Fourier’s complex Integral.



Example 1. Express the following function
11
OB {O

as a Fourier integral. Hence evaluate
foo sin u cos ux
0

when x <1
when x > 1

du
u

Solutlgn we know the Fourier Integral theorem, the Fourier Integral of a function f(x) is
given by

f(x)=%j0 J_ f(t)cos w(t —x)dw dt

Using w = u we have

f(x) = j j f(t)cos u(t — x) du dt
f(x) = f f cos u(t — x) dt du since f(t) =1



Now integrating w.r.t. t we have

1 °°sinu(t—x)1
f(x)—;fol - Ldu

) = %jow [sin u(l—x) +sinu(l+ x)] "

u

. : . . C+D c-D o .
Now using sin C + sinD = 2 sin cos — and solving it we will get

2 [ sinucosux
f(x):Ej du

0 u
We can rewrite this
f‘”sinucosuxd nf( )
u=—f(x
0 u 2
T T
j“sinucosux Exl:? for x <1
du = p
0 " §X0=0, forx>1

+0
For x=1, which is a point of discontinuity of f(x), value of integral = 2—

NE



5.9. FOURIER TRANSFORMS

From the Fourier complex integral we know that

fx) = % f:oe“"”x dw f:o f(t)etde

We can rewrite the above expression as follows using w = s

Lj_o;f(t) ei“dt]

V2

1 ¢ ® . 1 ® .
xX) = — e‘ls"dsf t)etStdt = —j e 8% (s
) = f 1 =/



Now using \/%_nf_oooo () estdt = F(s) in above equation, we get

1 < )
—_— e X F(s)ds
V21T ,/_oo (s)

Where F(s) is called the Fourier Transform of f(x).

f(x) =

And f(x) is called the Inverse Fourier transform of F(s).

Thus , we obtain the definition of Fourier transform is

F(s) = FIf(0)] = 5=/ f(Detdt

f(x) = \/%_nf_oooo e % F(s)ds




5.10. FOURIER SINE TRANSFORMS

We know that from Fourier sine integral

flx) = %fooo sin sx ds fooof(t) sin st dt = \/% fooo sin sx ds [\/% fooo f(t) sin st dt]

Now putting F(s) = \/% fooo f(t)sinst dt
We have

flx) = \/%fooo sin sx ds F(s)

In above equation F(s) is called Fourier Sine transform of f(x)

F(s) = F;[f(x)] = ;wa(t) sin st dt

And f(x) given below is known as inverse Fourier Sine transform of F(s)

2 (@ _
flx) = ;L F(s)sinsxds



5.11. FOURIER COSINE TRANSFORM

From Fourier cosine integral we know that

f(x) = z foocos wx du foof(t) cos wt dt
T Jo 0
flx) = \/%fooo cos sx ds [\/%fooof(t) cos st dt]

Now putting F(s) = \/% fooof(t) cos st dt
flx) = \/gfooo cos sx ds F(s)

In above equation F(s) is called Fourier cosine transform of f(x)

F(s) = F [f(x)] = \/,% [y f(®) cos st dt

And f (x) given below is known as inverse Fourier cosine transform of F(s)

flx) = \/% fooo cossx F(s)ds



—ax?

Example 2: Find the Fourier transform of e , Where a>0.

Solution : The Fourier transform of f(x):

F{f(x)} = ﬁ-n J5, F (et dx

Hence
F e—ax2 __1 (o o~ AX% pISX 5 — ax2+isxdx
{ } vam f_oo \/_fz 2 Ja is )2 s?
—(xva _
= F{e_axz} = j —ax® g +isx g dx = j e 2Val  4a gy
V2m B V2m :
e 4a (® __5
:F{e‘“xz} = e (x\/— 2\/—) dx
V21 J_
Putting x/a — 7 =u=>dx = d—Z in above expression we get,
SZ
e 4a [ 2 * 2
= F e‘ax2 — e % du [sincef e ™ dx = \/E]
{ } \/Zzna _ — o0

P T 4a T4a
= Fle “x}=\e/%\/ﬁ=e\/% Ans.



Example 3: Find the Fourier transform of
2 for |x| <a

flx) = {O for |x|>a

Solution: We know that the Fourier transform of a function is given by
1 °° .
F{ x}=—J x)e*dx
@} = = | f@

Using the given value of f(x) we g(celt,

1 . N
F{f(x)} = — | 2e¥dx=—— | e"¥dx =
2 isx1% 2T _% 21 J-a 4 [ ias _ —ias]
FIF()) = [e ] = ———[efes — emios] = ——L—
V2 | IS ], ~2mis T \2Ts 21
F{F(0) 4 ) 2 sinsa 2
x)} = sinas =2 |— ns.
V21T S \ﬂ S




Example 4: Find Fourier Sine transform of % :

Solution: We have to find the Fourier sine transform of f(x) = i

We know that from Fourier sine transform

2 (0 0]

R = |2 fosinseds
o

Now using the value of f(x) = =, we get,

1f(x)] = f ; sin sx dx
dt

now using sx =t = dx = —

We get fwalntd —\/:(—) = since foosntltdtzg

Hence E |f(x)] f Ans.




Example 5: Find the Fourier Sine Transform of e~ ¢*,

Solution: Here, f(x) = e~ ¢,

The Fourier sine transform of f(x):

F [f(0)] = ﬁ Jy f()sinsx dx

On putting the value of f(x) in (1), we get

F,[e” %] = \/% fooo e~ Ysinsx dx
On Integrating by parts, we get

0
—ax

2

T

e

[—a sinsx — s cos SX]]

0
(asinbx — bcos bx]

using j e ¥ sinbx dx = T2

- J2lo-z -]~ =) s




Example 6: Find the Fourier Cosine Transform of f(x) = 5e72% + 2e¢~>*
Solution: The Fourier Cosine Transform of f(x) is given by

RUF)= 2 J7 F00) cossx dx

Putting the value of f(x), we get
2 (0.0)
F.{f(x)} = \/; f (5e~2% + 2e7>%) cos sx dx
0

co  _ oo _
=5), e cossxdx +2 [ e > cossx dx
ax

using U e ¥ cos bx dx =
0

(a cos bx + bsin bx

a? + b?
=5 [(_;jisz (—2cossx + ssin SX]:)O + 2 L_Z;ZSZ (—5cossx + ssin Sx]Oo
=5 [0 B 4-:52 (_2)] +2 [0 B 25-1|—s2 (_5)] =5 (522-|-4) +2 (5245-25)

=10( LI ) Ans.

s244 = s2425



5.12. PROPERTIES OF FOURIER TRANSFORMS

9.12.1 LINEAR PROPERTY: If F,(s) and F, (s) are Fourier transforms of
f1(x) and £, (x) respectively then

Flafi(x) + b fo,(x)] = a F1(s) + b F>(s) where a and b are constants.

Proof: we know from the definition of Fourier transform

1

FC) =75

f f(x)e*dx
WVWe can write

1 o .
Fi(s) = == f_ f1 (el dx

And
1 ° .
F2() = o= | faoeidx
Now
1 ° .
Flafy(x) + b f2(x)] = mf_ [afi(x) + b f5(x)]ei* dx

1
V21T

= Flafi(x) + b f5(x)] = a F1(s) + b F,(s) Proved

o . 1 o .
f_oo fi(x)e*™*dx + b \/T_n f_oo fo(x)]e***dx

=a



5.12.2. CHANGE OF SCALE PROPERTY

We know that Fourier transform equation is glven by
F(s) = f fx)et*dx
Then .
S
F{f(ax)} = - F (E)

Proof: we know

F(s) = \/_j fx)et*dx B
= F{f(ax)} = \/—j f(ax)elsxdx [now putax =t = dx = —

a
We have

s, dt 1 (® (St
Fif (@)} = = j Feiar s - %Tn [ rwerar

= F{f(ax)} = % (2) Proved



5.12.3 SHIFTING PROPERTY

The Fourier transform equation is given by

F(s) = \/%f_o:of(x)eis"dx
Then

F{f(x —a)} = e™* F(s)

Proof: Given

F _ 1 « isxd
() = = f_ fGoetTdx

then
FifGe—a) = —— [ fex—aei=a
x—a)} = — x —a)e x
V21T J_o
Put(x—a)=u =>x=u+a and dx = du
We have

F{f(x —a)} = L Oof(u)eis(u+a)du = elsa i oof(u)eisudu
V2 J_wo N2 o

= F{f(x —a)} = e** F(s) Proved



5.13. FOURIER TRANSFORM OF DERIVATIVES

As we know from the properties of Fourier Transform

Fif*f(x)} = (=is)" F(s)

2
F (%) = (=i s)? F{f(x)} = —s%f |where f is Forier Transform of f|

If F. and F; are cosine and sine Forier tranform f(x) then

—

2
EAF (0} = = |~ £(0) + sFy(s)
\
Proof: From cosine Fourire_r transform we know that ~
2 (% 2 (%
E.[f'(x)] = |- J f'(x)cossxdx = |— j cos sx d{f (x)}
\ Yo VYo




Now integrating by parts, we get

[ o0
— z[cossx f)]s — E —SJ sinsx f(x) dx
_Vn 0 T 0
2 20 ("
= [—[0—-f(0)]+s —U Sinsxf(x)dx] {assumimg f(x) - 0 as x — oo}
N7 N o

Hence
[ [

FEAf'(x)}=— E f(0) + sE.(s) where E Uoosin sx f(x) dx] = F,(s)
N N o




5.14. FOURIER TRANSFORM OF
PARTIAL DERIVATIVE OF A FUNCTION

The Fourier transform of the partial derizvatives is given by
d“u
Fl—|=-s*F(u

Where F(u) is the Fourier transform of u.
The Fourier sine transform of the partial derivatives is given by

d0%u ,
F; ET = S(U)x=0 — 5° Fs(u)

Where F,;(u) is the Fourier sine transform of u
The Fourier cosine transform of the Tartial derivatives is given by

- d0%u ~ [ou 2 ()
“lozx| x| __, > ettt

Where F.(u) is the Fourier cosine transform of u.



5.15 TERMINAL QUESTIONS

1) Find the Fourier Transform of f(x) if

j
x, |x| <a

xX) = 1

f(x) 0, [x| > a

2) Show that the Fourier Transform of
(
a—|x| forl|x|<a
f) =1,

\ for|x| >a>0
2 {1—cos as
s /—( > )
T S
sint

o 2
Hence show that | (T) dt = g

3) Show that the Fourier Transform of

V2m
f(X)= ﬁ fOT'leSCl
0 for|x| >a

sin sa

Is

sa



4) Find the Fourier cosine Transform of e~ %,
5) Find Fourier transform of

2
b x| < a
F(x) = { ’

(x) 0, x| > a

6) Find Fourier Sine Transform of
X —

) x(x% + a?)

7) Find the Fourier Sine and Cosine Transform of ae ~%* + be ~F%, a,f >0

8)Find f(x) if its Fourier Sine transform is

2
1+s 1

9)Find f(x) if its Fourier Sine Transform is (2ms)z



5.16. Terminal Questions Answer

1 2i
1) Gz N
2 a

DR} = 2 (aW)

5) (zi — ;iz) sin as + —cos as

6) ﬁ (1—-e™*)

7) as bs aa bp
s2+a?  s24B2%2’ sZya?2 @ s24+p2
2sin? ax

8) -

11 X

9)—



THANKS



